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ABSTRACT

The extender based forcing of Gitik and Magidor is generalized to yield,
given any extender j: V — M with critical point k, a cardinal preserving
generic extension with no new bounded subset of k in which cf(k) = w
and k¥ = |j (k).

Assuming a superstrong cardinal exists, the forcing notion is used to
construct a model in which the added Prikry sequences are a scale in the
normal Prikry sequence.

In addition, several ways to produce generic filter over an iterated
ultrapower are presented.

1. Introduction

In [5] an extender based forcing notion was introduced, which yields a cardinal
preserving generic extension with no new bounded subset of x in which cf (k) = w
and k¥ = A for some A\ < j(k), given an extender j: V' — M with critical point &.
In the case that sup {j(f)(k) | f: K = K} < A < j(x) this construction required
a preliminary forcing to add a function f: k — & such that j(f)(k) > A.

In this work we present a modification of the above mentioned forcing which
eliminates the requirement for a function f such that A < j(f)(k). We use
this forcing to construct from a superstrong extender j: V. — M a model
satisfying 2 = j(k) and having a Prikry sequence G* in k, together with a
scale (G* | A < j(k)) in [[G"/D, such that tcf(J[G*/D) = X for each regular
A < j(k), where D is the cofinite filter on w.
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In order to show this we calculate the tcf of the added Prikry sequences. This
calculation builds on Sharon’s calculation [10] of the tcf of the sequences added
in the forcing of [5], which in turn followed the calculation in [6] of the tcf of
sequences in Prikry’s original forcing [9], and in the model of Magidor [8].

In [3, 1] it was shown how to construct, working inside V', a generic filter for
the Prikry forcing over an iterated ultrapower of V. In [2] it was shown how
to construct, working inside V', a generic filter for the Radin forcing over an
iterated ultrapower of V. In [7] the sequences generated along the w-iterations,
and their relation to the extender based forcing were considered. Along these
lines we have tried to construct, working in V', a generic filter for the extender
based forcing over the w-iterated ultrapower of V. To get a full result we had
to use either some form of supercompactness or to Cohen blow-up the power of
KT

The structure of this work is as follows: In Section 2 we give some basic
definitions used in later sections (e.g., extenders, trees). In Section 3 a detailed
presentation of the forcing notion is given. This section culminates with the
theorem

THEOREM (3.32): Assume GCH, j: V. — M D M" and crit(j) = . Then
there is cardinal preserving generic extension in which k* = |j(k)|, cfk = w,
and there are no new bounded subsets of k.

In Section 4 we start from a superstrong cardinal and get the following

THEOREM (4.15): Assume GCH, j: V' — M > M", M D V() and critj = k.
Then there is a cardinal preserving generic extension in which cfx = w,
k¥ = j(k), and such that there is a Prikry sequence G" in k and a scale
(G* | X < j(k)) of length j(k) in [[ G¥/D such that tcf([]G*/D) = X for each

regular cardinal A < j(k).

In Section 5 we show several ways (mainly because we do not know the ‘right’
way, if it exists at all) to generate a generic filter in V' over the w iterate of V.

This work is largely self contained, however knowledge of [5] will make it much
easier. The notation we use is standard. We assume fluency with forcing, large
cardinals, extenders, and some basic pcf theory.

2. Preliminaries

2.1. ELEMENTARY EMBEDDINGS AND EXTENDERS. The extenders we use here
were used in [5] where they were called nice system. A simplification appears
in [4].
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Definition 2.1: Let j: V — M be an elementary embedding and crit(j) = &.
(1) The generators! of j are defined by induction as

Ko = Crit(j)a
ke =min{\ € On | V€' < & Vi € On Vf: pu— On j(f)(ke') # A}

If the induction terminates, then we have a set of generators for j:

9(j) = {re [ € < €7}

(2) For o, 8 € On we say o<, if
(a) a < f.
(b) There are p € On and f: g — On such that j(f)(5) = a.
(3) Assume a € On and A € On is minimal such that j(A) > a. We set

E(a) = {AC M| a € j(A)}.
It is well-known that E(«) is a k-complete ultrafilter over A.

Definition 2.2: Let j: V. — M D M" be an elementary embedding such that
crit(j) = k and g(j) C j(x). The extender E derived from j is the system

E=({E(a)|acjk)\r) (msalafe€jr)\r a;b)).

where
(1) B(a) = {AC x| aej(A)}.
(2) For o, B € j(k) \ & such that a<;8 the function 7 o: £ — & is such that
J(m8,a)(B) = a. (Note that o<, means there are many such functions.
Any one of them will do as 73 4.)
We assume that it is known how to reconstruct j from FE, i.e., j is the natural
embedding j: V' — Ult(V, E). We will use <g and dom E' as synonyms for <;
and j(k) \ k respectively.

CLAM 2.3: Assume j: V. — M 2 M*, crit(j) = k and g(j) C j(k). Then
<; | j(r) is kT -directed.

Proof: Let X € [j(x)]=*. We need to find 3 < j(k) such that Yo € X 8>;a.
Let us fix a function e: k222[k]<* such that for each A € [K]<F, e 1A is

unbounded in x. Of course, j(e): j(/@)(m([j(;@)]ﬁ(“))M,

1 The definition of generators differs slightly from the usual one since we use only
one ordinal to index our extenders.
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Let 4 = sup X. Since X € M we get u < j(k). Since X € ([j
there are 3 > p and a function g such that j(e)(8) = X and j(g)(5)
We show that 8>« for all &« € X. So, let o € X.

We let £ = ot(X Na). Then we set Vv < & ge(v) = ot(g(v) N &).
Thus j(ge)(8) = ot(i(9)(8) N J(€) = ot(” ot(X) N J(€)) = & We set
W < & f(v) = min{y€ew) |ot(e(v)N) = ge))}. Then j(f)(F) =
min{y € X |ot(X N~v) =&} = . |

(r )]<](””>
= j" ot(X).

In this paper we use only elementary embeddings with a set of generators.
(Le., g(j) is bounded by some ordinal.) Hence an elementary embedding j is
definable from a set parameter, so terms of the forms j(j) have definite meaning.
We assume the theory of iterating elementary embeddings is known and give
the basic definitions and propositions we need in order to get to the w-iterate
of V.

Definition 2.4: Assume j: V — M is an elementary embedding. We define by
induction for each n < w
Joa=J, Mo =1V,
Jntimt2 = J(nn+1)t Mpgp1 — Muyo.
We ‘complete’ the list of j’s by setting Vn < m < w
Jnm = 1d,
Jnm = Jm—1,m © " © Jn.nt1,
Jn = Jon-

PROPOSITION 2.5: Assume j: V. — M D M*", crit(j) = &, g(j) C j(k),0<n <
w and 7 € jn(j(k) \ ). Then there is 7" € j(k) such that j,(7%) >;, ., 7.

Proof: The proof is done by induction on n.

e n = 1: We choose f: k — j(k) and a € j(k) \ & such that j(f)(a) = 7.
Since <; | j(k) is xT-directed, there is 7" € j(k) such that Vv < &
>, 1(v). Hence j(1°) 5, j(f)(@) = 7.

e n > 1: Assume 7 ejn( ( )\’i) Since ji - 1n(]n( )\jn—l(’i)) _jn( ( )\’i)
we get 7 € Jn—1.n(Jn(k) \ jn—1(x)). By the case n = 1 applied in M,_4
there is 7% € j, (k) such that j,_1,(7"*) >, .,, 7. By the induction
hypothesis, there is 7* € j(x) such that j,_1(7*) >;,_, , 7"*. So

jn(T*) = jn—l,n(jn—l(T*)) >jn,n+1 jn—l,n(Tl*) >jn,n+1 T. ]
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COROLLARY 2.6: Assume j: V. — M D M*, crit(j) = &, g(j) C j(k), n < w
and ¥ € M,. Then there are f: [k]* — V and o € j(k) such that z =

In(f)(a,3(@), ..., n-1(c)).
2.2. TREES AND U-TREES.
Definition 2.7:  [&]<Y = {{vo,...,vk) | k <w,vp < - <y < K} .

Definition 2.8: A set T C [k]<¥ ordered by end-extension and closed under

initial segments is called a tree.

Definition 2.9: Assume T C [5]<“ is a tree. Then for each k < w

(1) Y{vo,...,vk) € T Sucr(vo,...,vk) ={v <&|{vo,..., vk v) € T}

(2) Levi(T) =T N [k]*+L.
Definition 2.10: Assume T C [k]<% is a tree, k < w and (vg,...,vk—1) € T.
Then

ve ) ={ Wk, ) € (K]S | (Vo -y Vk—1,Vky -y Vn) € T}

Note the degenerate case Ty =T

Definition 2.11: Assume T C [k]<¢ is a tree, k < w and A C [k|**! . Then
TIA={{vy,....vn) €T |n<w,(vo,...,v;) € A}.
Definition 2.12: Assume T C [k]<“ is a tree and m: £ — k. Then
N T) = {{vo, ..., ) € [K]~¥ | k < w,(7(n),...,7(v)) € T}

Definition 2.13: Let F be a function such that dom F' C [k]<“ is a tree, k < w
and (v, ...,v,—1) € dom F. Then Fi,,; ., )
(1) dom(Fy,y, uy_yy) = (dom F) iy by sy
(2) F<V0 ..... uk,1>(Vka cee 7Vn) = F(V07 ey Vk—1,VEy ooy Vn)-
Note the degenerate case Fyy = F'.

is the function defined as follows:

Definition 2.14: Let F be a function such that dom F C [k]<“ is a tree and
7: k — k. Then 77 (F) is the function defined as follows:

(1) dom7m~}(F) = 7~ (dom F).

(2) Y(vo,...,vk) € domnm H(F) (n71(F))(vo,...,v) = F(r(g),. .., m(v)).

From now until the end of the section we assume U is a k-complete ultrafilter

on K.
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Definition 2.15: A tree T C [k]<% is a U-tree if
(1) Levo(T) € U.
(2) VE < w Y{vy,...,v) € T Suer(vy,...,v;) €U.

We recall the definition of filter product in order to define powers of U.

Definition 2.16: We define powers of U by induction as follows:
(1) Fork=1: U' =U.
(2) For 1 <k <w: VAC [kF, Ac U* «—
{(vo, . svi—2) € [K* ! [{ma1 € 5| (vo,- . vh—a,vi1) € A} €U € UM

Note that we identify » with [x]! in this definition. Recall that U* is a k-
complete ultrafilter on [x].
The following is straightforward.

PROPOSITION 2.17: Assume T C [k]<“ and T*¢ C [k]<¥ are U-trees for each
& < ¢, where { < k. Then

(1) Vk < w Levg(T) € UKL

(2) Vk <w Y(vo,...,vk—1) €T Ty, 1,y is a U-tree.

(3) Vk <w (A UM =T | A is a U-tree).

(4) Ne<e T¢ is a U-tree.

3. Pg-Forcing

In this section we give a detailed presentation of the Prikry on extender forcing
notion. We assume the existence of an elementary embedding j: V — M D M*
such that j(k) D g(j) and crit(j) = k. We assume the GCH. Let E be the
extender derived from j. Recall dom FE = j(k) \ .

Definition 3.1: Assume d C dom F and |d| < k. Then
mc(d) = min{a € dom E | V3 € d a>gf}.
Note that there is h: k — & such that j(h)(mc(d)) = j"d.
Definition 3.2: We define the forcing notion Py, as follows.
Py ={f:d—[k]~*|dCdomFE,|d| <k, € d,mec(d) € d}.

The partial order <* on P%, is defined by: f <* g <= f D g. (Note that P,
is the Cohen forcing for adding |j(x)| subsets to xT.)
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Definition 3.3: Assume f € P%,. Then mc(f) = mc(dom f).
The Prikry on extender forcing is defined as follows.

Definition 3.4: A condition p in Pg is of the form (f, F') where
(1) fePg.
(2) F: T — [dom f]<* is such that for each k < w
(a) T is an FE(mc(f))-tree.

(b) Y(vo,-- s vk—1) €T j(Fiup,...n 1)) (me(f)) = j” dom f.

(c) V(VO, -1, V) €T K€ Fry e (V).

(@) Yo 1,9) €T (Fpooon 0] < Tane ()

(e) Y{vo,...,vp—1,vk) €T (F(vo,...,vk-1) € F(vo,...,Vk—1,Vk))-
(f) VB8 e dom f VY(vg,...,vx) €T

f(ﬁ)f\ (Wmc(f),ﬁ(l/i) | i<k, pe F(V07 .- "Vi)> € [’i]<w'

(Recall that [x]<“ is the set of finite increasing sequences in ).
We write suppp, mc(p), f?, FP and domp, for dom f, mc(f), f, F and T,
respectively.

PROPOSITION 3.5: Assume (f, F) satisfy (1), (a) and (b) of Definition 3.4, then
there is a function F* such that F | dom F* = F* and (f, F*) € Pg.

Proof: We fix demands (c), (d) and (f) as follows. We note that for each n < w
and (vg,...,Vn—1) € domF,

j(F<V[) ..... l/n71>)(mc(f)) :j”domfa

Jj(k) € j" dom f,

7" dom f| < &,
and

Vﬁ S j” dom f(maxy(f)(ﬁ) < j(ﬂ')j(mc(f)),ﬂ(mc(f)))-

Lo$ theorem yields that for each n < w and (vp,...,v,—1) € dom F,

VO, anl)(V)v |(F(Vo ..... Vn—l))(y)| < WmC(f),H(V)v
VB € Fluy,...vn_y(V)(max f(B) < Tme(p),8(¥))} € E(me(f)).

So we shrink dom F' to these sets, working up dom F' level by level. Thus we
get for each n < w and (v, ..., vp—1,v) € dom F,

K€ (F<1/U,...,Vn,1>)(1/)’
|(F<l/o ,,,,, un71>)(V)| < Wmc(f),;{(V)y
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and
VB € Fup,... vy (V) (max f(B) < Tme(s),8(V))-

Demand (e) is fixed by taking unions along branches. That is, for each n < w,
and (vg,...,Vn) € dom F we set

F*(vo,...,vn) = | Fvo,. .., ).
k<n

Thus (f, F*) € Pg. |

Definition 3.6: Let p,q € Pr. We say that p is a Prikry extension of ¢ (p <* ¢)
if

(1) suppp 2 suppg.

(2) f? I suppgq = f*.

(3) domp C ﬂ-r;ltlz(p),mc(q) (dom q).

(4) Vk >0 Y{vg,...,vk_1,v) € domp VG € (wr;i(p)’mc(q) (FN)(vo, -y Vg—1,V)

Tme(p),6 (V) = Tme(q), 8 (Tme(p),me(q) (V))-

(5) VkE >0 Y{vy,...,v;) € domp

FP(vg,...,v5) 2 (w;i(p)’mc(q) (F)(voy ... V),

and

FP(vg, ... vk) \ (w;i(p)7rnc(q) (F))(vo,...,v,) Csuppp \ suppq.
Definition 3.7: Let ¢ € Pg and (v) € dom q. We define q(,y € Pg to be p where
(1) suppp = suppg.
(2) VB €suppp fP(B) =

(3) Fr = F,.

For k > 0 we define q(,,,.....,y recursively, setting qe,,...u.) = (Quo,....vp_1)) (1) -

fUB) ™ (Te(q),8 (V) if B € F(v).
) if 5 ¢ F(v).

Definition 3.8: Let p,q € Pg. We say that p is a 1-point extension of ¢
(p <! q) if there is (v) € dom q such that p <* Q)

Definition 3.9: Let p,q € Pg and n < w. We say that p is an n-point
extension of ¢ (p <" q) if there are p", ..., p" such that
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Definition 3.10: Let p,q € Pr. We say that p is an extension of ¢ (p < q) if
there is an n < w such that p <" gq.

Thus we have the forcing notions Pg = (Pg, <) and P}, = (P}, <*).
The following is immediate from the definition of the forcing notion.

CrLamM 3.11: Let p,q € Py be such that p < q. Then there are k < w and
(v0,...,vk—1) € domq such that p <* qq,, ..

V1)
Definition 3.12: Let G be Pg-generic. Then

Vo € dom E G* = U{fp )| p € G,ga € supp p}.
We write G for the Pg-name of G*.

Given a condition (f, F) and g <* f, the pair (g, 7 mc(g) mc(f)( )) might not
be a condition, and if it was it might not satisfy (f, = mc(g) mc(f)( ) <* (f, F).
(The transitivity Tme(g),8 = Tme(f),8 © Tme(g),me(f) May be violated on some v’s
and 3’s ) The following lemma shows that by removing a measure zero set from
dom ﬂ'mc(g) me(f) (F), we get a condition and the transitivity.

CLAM 3.13: Assume p € Pr and f € P}, are such that f <* fP. Then there is
q <* p such that f? = f.

Proof: Let h: K — P(r) be such that j(h)(me(f)) = j” dom f. We define a
function F’ with domain 7Tmc( £)ome(p) (domp) as follows. For each n < w and
each (vg,...,Vp—1) € dom F’

F'(vo, .., Vp_1) = (Tr;i(f),rnc(p)(Fp))(VO7 ceyUn—1) Uh(vp—1).

The pair (f, F’) might not be a condition since demands (d), (e) and (f), in
Definition 3.4 might be violated. We construct F” from F’ using 3.5, thus
getting (f, F"") € Pgr. The obstacle to (f, F') <* p is the transitivity demand
(4) of Definition 3.6. We shrink dom F” as follows, to ensure it; we observe that
for each 8 € suppp,

j(ﬂ-mc(f),ﬁ)(mc(f)) = ﬂa
j(ﬂ-mC(P),B)(j(TrmC(f),mC(p))(mc(f))) = .

So in M we have

Vﬁ € j” supp p j(ﬂ-)j(mc(f))ﬁ (mc(f)) = j(ﬂ-)j(mc(P))’ﬂ(j(ﬂ-mc(f),mc(p))(mc(f)))a
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and for each n < w, and (v, ...,Vn—1) € dom FP,

JES, . ) (me(p)) = j" suppp.

Applying Lo$ theorem to the last two equations yields that for each n < w and
<V07 RN Vn—l) € domF”,

Algeeinay ={v < s | VB € (Wr;i(f),mc(p) (F)) v, v 1) (V)
ﬂ-mc(f)ﬁ(y) = 7Trnc(p)ﬁ(Trrnc(f),mc(p) (V))} € E(mc(f))

So, let F' be F” shrunken to these sets, namely

Levo(dom F') = Levo(dom F"') N Ay,

and
Vn < w Y(vo,...,Vn) € dom F Sucdom r(Yo,---,Vn)

= SuCdom 7 (M0, - -+ Vn) N Ay, o) -
Thus transitivity has been restored and we have (f, F) <* p. |

COROLLARY 3.14: Let ¢ € Pg and o € dom E. Then there is p <* q with
Q. € supp p.

From the above propositions we see that for all @ € dom E, G“ is not empty.
In fact using density arguments we get:

PROPOSITION 3.15: Let G be Pg-generic. Then in V[G]:
(1) ot G* = w.
(2) G* is unbounded in k.
(3) a # B=G*> £ GP.

LEMMA 3.16: Assume ( < k, V& < ¢ p¢ € Pg, and V&,& < ¢ supppt =
supp p2. Then

{(vo,...va) € () T* | n<w, V&1, & < ¢ FP" (vo,...,vn) = F* (no,...,v0)}
£<¢

is an E(a)-tree, where a is the common value of mc(p®).

Proof: The claim follows by Lo$ theorem from the fact that for each n < w

and (vo, ..., Vn—1) € Ne<¢ s

Ve, & < CG(FP

[T

v ) (me(p®)) = j" supp p™

. . £2
= j"suppp*=j(F), . )(mc(p®)),
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and the existence of a € dom E such that V¢ < ¢ mc(p®) = a. |
PROPOSITION 3.17: Py satisfies the k1 -cc.

Proof:  Assume X C Pg and |X| = sTT. Since for each p € X we have
|suppp| < K, we can assume that {suppp |p € X} forms a A-system. That
is, there is d € [domE]S” such that Vp,q € X suppp Nsuppq = d. Since
|d| < k we have [{f | f:d — [k]<“}| < kT, so we can assume that Vp,q € X
fPrd=fird

Let us fix two conditions p,q € X. Let f = fPUf9. Then f: supp pUsuppq —
[K]<¢. By 3.13 there are r' <* p and r2 <* ¢ such that 7 = " = f. By 3.16
there is an E(mc(f))-tree T such that F*' | T = F™" | T. We set F = F" | T.

Then (f, F) <* r',r?, thus (f,F) <*p,q. 1
Up to this point we know that in a Pg-generic extension we have
(1) cfk =w.
(2) 2% = j(w)]-

(3) Cardinals above k™ are preserved.
In order to see that no damage happens below x we use the Prikry ordering.

PROPOSITION 3.18: (Pg, <*) is k-closed.

Proof: Assume ¢ < x and (p® | £ < () C Pp are such that V& < & < ¢
p§1 <* pE2_
By the definition of <* we have

Ve < & < ¢ P [suppptt = 77,

hence f = U{f]”g | € < (}: U§<<suppp§ — [k]<“. For each ¢ < ¢, by 3.13,
there is ¢ <* p¢ such that f"5 = f. By 3.16 there is T, an E(f)-tree, such that
Vé € < CFS [T =F | T. Weset F = P I T (that is, the common value
of F¢ | T.) Then V¢ < ¢ (f, F) <* r¢, thus V¢ < ¢ (f, F) <* pS. [

We show that forcing with (Pg, <*) is the same as forcing with the Cohen
forcing for adding |j(k)| subsets to k.

LEMMA 3.19: Assume G* is (Pg, <*)-generic and p € G*. If ¢ € Pg is such
that f? = fP then q € G*.

Proof: Assume p,q € Pg are such that fP = f9. Pick any r <* ¢. Since
fm <" fP, by 3.13 there is s <* p such that f° = f". By 3.16 there is T, an
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E(mc(f®))-tree, such that F* | T = F" | T. Then (f*, F* [ T) <* r,s, thus
(f*,F°1T)<*p,q
That is, the order <* does not separate p from gq. |

COROLLARY 3.20: Forcing with (Pg, <*) is the same as forcing with P%,.

The following lemma implies that a k™ -closed forcing is x*-proper (see Defi-
nition 3.28).

LEMMA 3.21: Let x be large enough so that P(P(P%;)) € H,. Let N < H,,
f € P4 be such that f € N, |N| = k, and N O N<". Then there is f* <* f
such for each D € N a dense open subset of P, there is g >* f* such that
geDNN.

Proof: Let (D¢ | £ < k) be an enumeration of all dense open subsets of P}
appearing in N. Since P%, is x1-closed, and for each ¢ < s, (D¢ | £ < () € N, it
is possible to construct a <*-decreasing sequence (f¢ | ¢ < &) so that f0 <* f,
and for each £ < k, f& € D¢NN. The lemma is proved by taking f* = f*. |

The following definition is used only in the lemma following it. It defines a
‘1-point’ extension of a condition in P},.

Definition 3.22: Assume f € PL, a C domE, 8 >g mc(a), and v < k. We
define f(, 3.4y € P% to be the function g defined as follows:
(1) domg = dom f.
fla) ™ (mpa(v)) a€andomf, mgq(r) > max f(a).
(2) g(a) = ’ . ’
f(a) Otherwise.

For k > 0 we define f y recursively, setting

10,805,005+ (VB ak

f<l/o7ﬁo7ao),---7<Vk75k7ak) = (f<l’01ﬁ01a0>7~~~7<1’k—17kalaak71>)<Vk76ka(1k>'

LEMMA 3.23: Assume p € Pg, n < w, and for each (vy,...,vy,—1) € domp, the
set D(vg,...,Vn—1) is a dense open subset of (Pg, <*) below p,, . . Then

-7Vn,—1>

there is p* <* p such that for each {ug, ..., tin—1) € dom p*

Plpo,ypin_1) € D(ﬂmC(P*)amC(P) (1o), - - - » Tmce(p*),me(p) (fn—1))-

Proof: Assume p € Pg, n < w, and for each (vg,...,v,—1) € domp, the set
D(vo,...,v,-1) is a dense open subset of (Pg, <*) below pe,, .. v,_1)-

Let x be large enough so that P(P(Pg)) € H,. Let N < H, be such
that p,Pg € N, {D(vo,...,vn-1) | (V0,-..,Vn—1) €Edomp} € N, [N| = k and
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N D N<%. Construct f* <* fP by applying 3.21 to N. By 3.13 there is p* <* p
such that f?" = f*. For each (uo,. .., ftn_1) € dom FP" we set

D*(uoa"wun*l) = {f S* fp | domf 2 Fp*(ﬂoauw,unfl)mNa
FH (f(10,me(0*),FP* (116) AN (fim— 1060 ), FP* (j10,oospim—1)ANY s H ) €

D(’/Tmc(p*),mc(p) (MO); ey 7Tmc(;v"),mc(p) (,unfl))}

(Note that D*(po,...,pn-1) € N.) We show that for each (ug,...,pn—1) €

dom FP", the set D*(uo, ..., ptn—1) is dense open below fP. So, let us fix some
(110, - - -, fin—1) € dom FP" | and pick g <* fP.

First we enlarge g so as to ensure dom g O F? (pg, ..., ftn_1) N N. By defini-

tion,
Ipo,me(p™ ), FP™ (110)N ).y (i —1,mC(p* ), FP* (10 st —1 )N
<" f B AN
(po,me(p*), FP" (1o)),-,{ttn—1,mc(p*), F'?* (10, s n—1))

= fPmme(p®).me(p) (10)+ Tme(p*) me(p) (n—1))

Hence, by 3.13, there is ¢ <* p, such that

Tme(p*),me(p) (1£0)s++ - Tme(p* ), me(p) (Hn—1))
fq =g * *
(po,mc(p*), FP* (110)NN),.oes (pn—1,mC(p* ), FP™ (p10 ooy pin—1)NN) *

Thus there is ¢* <* ¢ such that ¢* € D(Tmc(p#),me(p) (10), - - - Tme(p?),me(p) (Hn—1))-
We set g* = gU (f9" | (suppg* \ suppgq)). Then
g <y,
and
g* * * = fq
(1o ,me(p*), FP™ (o) N) ..o (pin —1,mC(p* ), FP7 (10,0 pn —1) N

Hence g* € D*(po, ..., in—1), by which density was proved.

Since f?" was constructed by 3.21, we have that for each (oy -« -y fhn—1) €
dom F?", there is g >* fP" such that g € D*(uoy - -, fin—1) N N. Thus for each

(110, - ., fin—1) € dom FP" there are gto-#n=1 € N and H(pug, ..., pin-1) € N
such that gHo--Hn-1 >* fP" and

MO sHn—1
<9<#0,mc(p*)7pp*(w)mN> ,,,,, (i —1,me(p*), FP* (10, .., IJ«nfl)ON>,H('U/O7 ceylin—1)) €

D(Trmc(p*),mc(p) (NO); -+« Tmc(p*),mc(p) (,u'nfl)) NN.
We note that since g#o»#»-1 € N we have

gﬂo ----- Hn—1
(po,me(p*),FP* (o) NN),...,(pn—1,mc(p*), FP* (o ,...,in—1)NN)
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thus

MO sHn—1
9 agrme(p ) 10 s (1 (), P i) T (HOs -3 Him—1)) €

D(ﬂ-mc(p*),mc(p) (NO); R ﬂ-mc(p*),mc(p) (,u‘nfl)) NN.

We shrink dom p* in order to get that for each {(uo, ..., un—1) € dom Fr’

= <g(uo7m0(p*),Fp* (10))5+-+»(pn—1,mc(p*),FP~ (H()v"'a“nfl»,H(‘uO, <o Hn—1)).

By the openness of D(Tue(p),me(p) (10); - - - Tme(p*),me(p) (n—1)) and the fact

s

P P
Puo,.copn—1) = uo,mC(p*LFp*(uo)>,---7(un71,mC(p*LFp*(uo,--wunfl))’F(#o ----- #n—1>>’

we get that for each (ug, ..., ftn_1) € dom FP"

Pluosein-1) € D(Mme(p),mem) (H0); - - - Tme(p),me(p) (Bn-1))- B

LEMMA 3.24: Let D C Pg be dense open, p € Pr and n < w. Then there is
p* <* p such that either

V{0, ..., Vn—1) € domp® pj,,

or
V{vo,...,vn—1) € domp* Vg <" pr, .,y q¢D.

Proof: Assume D is a dense open subset of Pg, p € Pg and n < w.

For each (vg,...,vy—1) € domp set

De(”@; .. '7Vn71) = {q S* p(uo,...,un,ﬁ | qE D}7
DL(VOa e '7Vn—1) = {T S* Pvy,..., Vn—1) | vq € DE(VOa s 7Vn—1) rL” q}a
D(VOa RN Vn—l) = DG(VO; s 7Vn—1) U DJ—(VO; ceey Vn—l)-
The openness of D guarantees the <*-openness of D€ (vy,...,v,_1), and by its
definition, D+ (v, ...,v,_1) is <*-open. Hence D(vy,...,V,_1), as a union of

two open sets, is open, and in fact it is also <*-dense below p,,, .., _,)-
By 3.23, there is p* <* p such that

v(MOa ce- aMn—l) € domp*
p?llo,---aun—ﬂ € D(//TIHC(P*),IHC(p) (MO)? -+« Tme(p*),me(p) (anl))
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In order not to carry the projections myq( all over the proof, we define

p*),mc(p)

E(NOa s :unfl) = D(Wmc(p*),mc(p) (,LLO)a -+« Tme(p*),me(p) (anl));
ES (,LL07 s aun—l) = D€ (ﬂ-mc(p*),mc(p) (NO)v -+« Tme(p*),me(p) (Mn—l))a

and

EL (UOv v aun—l) = DJ_(Trmc(p*),mc(p) (MO); -+« Tmc(p*),mc(p) (,un—l))

Since each of the F(uo, - . ., fin—1) is the disjoint union of E€(uq, ..., tin—1), and
E*(uo, ..., pn_1), we can shrink domp* so as to get either

Y(vo, ..., vp—1) € domp” py,, ) € E€(vo, ..y Vn-1)

----- VUn—1

or

V{vo, ..., Vn—1) €domp® pr, € Et (v, Vn1).

Looking at the definition of E+ and E€ (and implicitly the definitions of D+
and D), we see that we have either

V<V07~-~7Vn*1> € domp” p? Vn—1) €D

vo,..

or

Y{vg,...,Vn—1) € domp* Vg <* pz‘yo 1) q¢ D. |

.....

THEOREM 3.25: Let D C Pg be dense open and p € Pg. Then there are
p* <* p and n < w such that ¥(vy,...,vp—1) € dom p* p’<‘

V0, sVn—1)

Proof: Assume D is a dense open subset of Pg and p € Pg. For each n < w

we set

Dy ={p" <" p|(¥(vo,...,vn—1) € domp” py,
(M{vo,...,vp—1) € domp* Vg <* pz‘yo

y € D) or

Vn—1

vy 4 D)}

By 3.24, D is a dense open subset of (Pg, <*) below p. Since (Pg,<*) is k-
closed, the set D* =) Dy is a dense open subset of (Pg, <*) below p. We

nw n

pick p* € D*. Then for each n < w, either

.....

V{10, ...,Vp—1) € domp” pj,, y €D,

Vn—1

or
V{vo,...,vn—1) € domp* Vg <" pr, .,y q¢D.
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Towards a contradiction, let us assume that for each n < w
V(vo,...,Vn—1) € domp* Vg <" pr, .,y q¢D.

This is just a cumbersome way to write Vg < p ¢ ¢ D, contradicting the density
of D. Thus, there is n < w such that

V(vo,...,vn—1) € domp* py, .,y €D. |

CLAM 3.26: Let o be a statement in the Pg-forcing language and p € Pg.
Then there is p* <* p such that p* || o.

Proof: Let D = {q€Pg|q] o}. Then D is a dense open subset of Pg. By
3.25 there are p*’ < p and k < w such that

Y(vo, ..., vg) € domp™ pj, € D.

That is

*/

V<VO7"'7V]€> edomp*' p(yo ,,,,, Vi) H g.

Let R
Ay ={{vo,...,vx) € domp™ [ pi, . IFo}

VOseees

Ay = {{vg,...,vx) € domp™ | p’<"l’,07m’l,k> I —o}.

Obviously, A1 N Ay = . Let i € {1,2} be so that A; € E*¥(mc(p*)). Let
bt = (f7 PP 1 A, Since {p’gVU oy | (W05 ) € domp™} is a maximal
anti-chain below p*, we get p* || o. ]

So now we know also that in a Pg-generic extension:

(1) There are no new bounded subsets of k.

(2) (Hence) No cardinal below & is collapsed.

(3) (Hence) & is not collapsed.
One more cardinal is preserved, k. We will prove the xT-properness of Pg in
order to show this.

The notions (N, P)-generic and properness, as defined in [11], were used for
countable elementary submodels of H,. We need these notions for submodels

of size k.

Definition 3.27: Let x be large enough so that P(P(P)) € H,, where P is
some forcing notion. Let N < H, be such that |[N| =k, N D N<" and P € N.
Then a condition p € P is called (N, P)-generic if

plF"VD € N D is dense open in P=DNGNN #0(,
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where G is the name of a P-generic filter.

Definition 3.28: Let x be large enough so that P(P(P)) € H,, where P is some
forcing notion. The forcing notion P is called x*-proper if for each N < H,
and each ¢ € PN N such that |[N| =k, N 2 N<" and P € N, there is p < ¢
which is (N, P)-generic.

CLAM 3.29: Let x be large enough so that P(P(Pg)) € Hy. Assume p € Pg
and N < H, is such that [N| = K, N O N<% and p,Pg € N. Then there is
p* <* p such that p* is (N, Pg)-generic.

Proof: Assume p € Pg and N < H, is such that |[N| = k, N D N<" and
p,Pg € N.

Construct f <* fP applying 3.21 to N. By 3.13, there is p* <* p such that
f?" = f. We show that p* is (N, Pg)-generic. So let D € N be a dense open
subset of P and ¢ < p*.

Then there are n < w and (v, ...,v,_1) € dom p such that ¢ <* Divo
We set

D* = {fPU(f" 1 (suppr \ suppp)) [ 7 <" Plug,.cov1)
3l < w Y(po, ..., —1) € domr 7y,

.....

We note that D* is <*-dense open below fP. Since D € N, we have D* € N. By
the way we chose f we see that thereis g >* f such that g € D*NN. Hence there
arer € N and | < w such that » <* pe,. ..y, fPU(f" [ (supp7r\suppp)) =g
and

Vo, - -y pi—1) € domr v,y oy € DNN.

In fact ¢ ||* r. That is there is ¢* <* ¢ (a shrinkage of dom ¢ is enough, actually)
such that ¢* <* r. Since for each (uoq, ..., pu—1) € domg*

A

SYE
we get ¢* IFp, DNNNG#0". |
COROLLARY 3.30: Pg is k™-proper.

COROLLARY 3.31: In a Pg-generic extension, k is preserved.

All in all we get the Gitik—Magidor theorem for any extender:
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THEOREM 3.32: Assume j: V — M D M*, crit(j) = x and g(j) C j(k). Let E
be the extender derived from j and let G be Pg-generic. Then in V[G]:
(1) All the cardinals are preserved.
(2) cfk =w.
(3) 25 = j(x)l.
(4)

4) No new bounded subsets are added to k.

4. Application to pcf theory

The assumptions we use in this section are: The GCH and the existence of an
elementary embedding j: V. — M D M*" such that crit(j) = &, g(j) C j(k) and
E is the extender derived from j. Throughout this section D will be the cofinite
filter over w.

The forcing Pg is the one defined in the previous section and we let G be a
Pg-generic filter over V. The basic observation used throughout this section is
that tcfy g [[G7/D can be computed from tefy [],, ., jn(7)/D.

LEMMA 4.1: If 7 € dom E and p € Pg, then there is p* <* p such that

A

V1 < W G (D) (me(p*).n.in (mep ) i) Ju(GT(SP (P +n) = ju(r) .

Proof:  Assume 7 € dom E and p € Pg. By 3.14 there is p* <* p such that
7 € supp p*. We shrink dom p* so that V(v) € domp* 7 € FP (v). Hence, from
the definition of Pg, we get

Yn < w Y(vy,...,V,) € domp*

Lo$ theorem yields

We would have liked to have p < 7=G?/D < G7/D. However, the Cohen
initial-segments of G, G ruin this. We can get a good approximation to this
monotonicity using shifts of G?, hence the following definition. By Z we mean
the set of integers {0,1,—1,2,-2,...}.

Definition 4.2 (In V[G]): Assume 7 € dom E and k € Z. Then G™*: w — & is

G'(n—k) k<n<w
T,k _ ’
G (n) {0 0<n<k.
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As usual, GT’k will be the Pg-name of this function.

LeEMMA 4.3 (In V[G]): V7 € dom E Vky, ke € Z f [[G™F /D = cf [[G™*2/D.
Proof: This is a basic pcf fact. |

LEMMA 4.4 (In V[G]): If T € dom E, k1, ks € Z and ki < ko, then G™*1 /D >
G™*2/D.

Proof: This is immediate since G7 is a strictly increasing sequence. |

LEMMA 4.5: If p € P, p,7 € dom E and p < 7, then there is p* <* p such
that p* IFPE I7@’)/13 < G‘rvlfp (p)—f" (T)‘/D < GP771/D—I.

Proof:  Assume p,7 € domF, p < 7 and p € Pg. By 3.14 and 4.1 there is
p* <* p such that p, 7 € supp p* and

V1 < W (D) (me(p*)..in (mep ) Fi @) J(GP)(SP (p)] +1) = jn(p)
V1 < W ju(P) (me(p*)soonijn (me)) Fin@e)  Juw(GT(FP (7)) + 1) = jaulr) .

We shrink domp* in order to have Y(v) € domp* p,7 € FP (v). (In fact the
condition generated by 4.1 satisfies this). We set k = |f?"(p)| — |f*" (). Thus

Y1 < W Juo () mep)svsdss (mer)) WiPr) (GNP (p)] + )
= julp) < ju(m) = ju(GT)(If7" (7)] +n)
= G (G () + 1= (7 (0)] = 17" (7)]))
= ju (@) (p) + 1),

and
Y <@ o () ) g (me))) i) G (GTE)SP (p)] + )
= o@D () + 1= (17 (o) = 17 (7))
= (@) fP ()] + 1) = jin(7) < Jnt1(p)
= o (@)(If7 (D) +n+1) = ju(G* (7 (p)] +n) .
Lo$ theorem and shrinking domp* a bit yields Vn < w Y(vg,...,Vnt1) €
dom p*
Pivorrowmsny Foe "GP UF7 (P)] + 1) = Tanc(p) ()

< Tt (n) = GTE(SP ()] 1)
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p?uo ..... Vn41) “_PE rGT7k(|fp* (/))| + n) = ﬂ-mC(ZD*)’T(V’”)
< Tme(ps).p(vnt1) =GP L7 (p) +n)

Which means p* IFp, "G?/D < G™¥/D < G»~/D". |

Definition 4.6 (In V[G]): For each 7 € dom E we set G™* = G™F where k € Z
is chosen so that G*/D < G™ /D < G*~1. For each 7 € dom E, G"" is the

Pg-name of G™*.
An immediate corollary of this definition and 4.1 is
COROLLARY 4.7: Assume p € P and 7 € dom E. Then there is p* <* p such
that for eachn < w
Jes (") e, (o)) i ) G (GT) (ISP (R)] + 1) = (7))

CorOLLARY 4.8 (In VI[G]): (G™*/D | 7 € dom E) is a strictly increasing se-
quence in [[G*~1/D.
Proof: Let p € Pg, p,7 € dom FE and p < 7. By 4.7 there is p* <* p such that
for each n < w

Jes (D) i (5 i (mep)) Wi ) Jeo (GP) (P ()] + 1) = jin(p)

G (P") tmep* )t ey @) Jur(GTNP(8)] + 1) = (7)),
and
G (P (me (), (me(®)) s 1 (me(@))) i@y Jw(GTTFP(R)] + 1) = fnga (k)
Since p < 7 < j(k) we have Vn < w jn(p) < jn(T) < jnt1(k), hence for each
n<w
Jeo (") e (). (me(*)) n 41 (me(p*))) i (Br)

oGPV (R)] Hn) < Ju (G2 (R)] 4+ n) < Gu(G5 (P (R)] +n) "
Lo$ theorem and shrinking p* a bit yields

Vn <w V(vo,...,Vn,Vpt1) € domp™ pr,

Fep G (|f7 (k)] +n) < GT(|fP (k)| + 1) < GNP (k)] +n) .

Hence p* IFp, "G”*/D < G™/D < G*~ 1. |
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LEMMA 4.9: If7 € domE and p lrp, " f € [[G™", then there are p* <* p and
(an | n <w) €], jn(7) such that

Proof: Let 7 € domFE and p I, "f € [IG™". By 4.7 there is ¢ <* p such
that

(1) ¥ < W Ju(@)me(a), min(me(@)) Fio@r)  Ju(GT)FP(R)] +1) = ju(r) .

We construct, by induction, a <*-decreasing sequence (r" |n < w) and
(an | n <w) €],cq dn(r) as follows:
en=0:1=q.
en=m+1: Let D,, = {rePg |3 <rrip, ffP (k)| +m)=C"}
By 3.25 there are r™+1 <* ™k and f: domr™*! N [k]**! — &k such
that m < k < w and

*

~

Y{vo,...,vg) € domr™H 7“27/:,.1..,%) e, " f(FP (K)4+m) = fvo, ... v)
By Los theorem

Jo (™) tme(rm 1), (meem 1)) i @)
e (H) S (B +m) = ju(f) (me(r™ ), je(me(r™ ).

From (1) we infer

(2)

. m—+1
oo (™) tmerm 1), i (me(rm 1))y i (Be)

o (F) (me(r™ ), i (me(rm )
= G (DU (8)] +m) < G GNP (8)] +m) = jin(r) .

This means
Joo () (e (r™ ), i (me(r™ ) < (7).

We set ay, = jo(f)(me(r™h), ... jk(me(r™t1))). Since ap < jm(7),
there is g: domr™+! N [k]™ ! — k such that

Qm = jw(g)(mc(rerl), oo ,jm(mc(rerl))).
So in (2) we can substitute g for f and m for k and get
G (™) (et (merm 1))y W@y dw (F)(FP (8)] +m) = amm .

Using 3.18 we find p* € Pg such that Vn < w p* < r". |
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LEMMA 4.10: Assume 7 € domFE, cf7 > w, cf7 # &k and (o, | n <w) €
[1,.,<. jn(7). Then there is p < T such that (o, | n < w) < (jn(p) | 7 < w).

Proof: We split the proof according to the relation between cf 7 and k:

e cf 7 > k: We note that for each n < w there are fp: [x]” — 7 and 3, €
dom FE such that j,(fn)(Bn, -+, Jn-1(Bn)) = an. Since cf 7 > &, there
is p < 7 such that Vn < w Y{(vo,...,vn—1) € [K]™ p > fulVo,.. ., Vn—1).
Hence Vn < w jin(p) > au.

o cf 7 < k: Let A= (1¢ | £ < cfr) be cofinal in 7. So for each n < w we get
jn(A) is cofinal in j, (7). Since cf 7 < k we have that j,(A) = j/'A. This
means that for each n < w there is &, < cf 7 such that a, < jn(7¢,) <
Jn(7). Since cf 7 > w there is £ < cf 7 such that for each n < w, £ > &,.
Let p = 7¢. Then for each n < w, p > 7¢, and jn(p) > jn(7e,) > an.
Hence (o, | n < w) < (Jn(p) | n < w). |

COROLLARY 4.11: If T € dom E, cf 7 > w and cf 7 # k, then
IFp, rtcfl_[GT*/D =cfr’.

Proof: Let 7 € domFE, cf7 > w and c¢f7 # k. By 4.8, (G*/D |k < p < T) is
a strictly increasing sequence below G™*/D. We will get the conclusion of the

lemma if we prove
Fep "fe][GT=Tp <7 f/D<G”/D"

So, let plkp, "f e [IG™".
By 4.9, there are p* <* p and (@, | n <w) € [[,,., Jn(7) such that for each
n<w

and

By 4.10, there is p < 7 such that {(a, | n < w) < (ju(p) | n < w). By 4.7 there
is p** <* p* such that for each n < w

Jo (™) (e s (merr ) Fio @) Jo(GP)FP (5)] +n) = jn(p) -

Lo$ theorem and shrinking dom p** yields p** Ibp,, " f/D < G**/D". |
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LEMMA 4.12: Assume 7 € dom E, cf 7 = £, and (o, [n <w) € [],, .., Jn(7).
Then there is p < j(7) such that (41 | n < w) < (Jn(p) | n < w).

Proof: Assume 7 € dom E, c¢f 7 =k and (o, | n < w) € [],,,, jn(7). Then for
each 0 < n < w there are f,: [k]" — 7 and (3, € dom E such that

In(fn)(Brs - dn-1(Bn)) = an < jn(7),
where V(vo, ..., vn—2) € [6]" " j(fn) W0, - -, Vn—2,Bn) < j(7). Since cfpr j(7) =
j(k) >k and M D M*", there is p < j(7) such that
YO <n<wYWo,...,vn2) € [K]" 15 (fu) (V05 - s V2, Bn) < p.
Hence VO < n < w o = jn(fn)(Bny -+ Gn-1(Bn)) < jn-1(p) < jn(r). That is

(ami1[n <w) <(nlp) [n<w). N

COROLLARY 4.13: Ifr€dom E and cf 7=#, then IFp, tcf [[G™*/D = cf j(k) .

Proof: Assume 7 € dom F and cft = k. For each p < j(7) there are 7, €
dom E and h,: k — 7 such that p = j(h,)(7,). In the generic extension we
set h, = BZGTP*’l. We note that (h,/D | p < j(7)) is an increasing sequence in
[1G™, and that cfy g j(T) = cfyg) j(k) since cfrr(§(7)) = j(k) > w, M D M*
and Pg preserves cardinals above k. Thus we will get the conclusion of the
lemma if we prove kg, "f € [[G™*=3p < j(7)f/D < h,/D". So let p IFp,
fella
By 4.9, there are p* <* p and (a,, | n < w) €[], ., jn(7) such that

V1 < W G (D) e (meer ) Fiu@e)  Jo(H) (I (8)] +1) = o

and

il

T < W (D) mc(p) i (mcto)) Fiu @) S (G (SP (8)] + 1) = (7).

By 4.12, there is p < j(7) such that (ap+1 | n < w) < (Ju(p) | n <w). By 4.7
there is p** <* p* such that

V1 < W (D™ e s (e ) Wi @) (GNP (5)] +n) = jn(7,)

Hence for each n < w

=aptr1 < ]n(p) = JW(hP)(]n(TP))
= Julhp) G (G S7 (W) + 1)) = Ju (o) (| (R)] 4+ 1),
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Lo theorem and shrinking dom p** yields p** Ibp,, " f/D < h,/D". |

For the specific case of [ G**~1/D, reading the above proof shows that we use
just p € dom FE, the functions i_Lp are id, and 7, = p. Thus the cofinal sequence
of length j(x) in [[ G~ constructed in the proof is (G** | p < j(k)). Thus

COROLLARY 4.14: (G™ /D | k < 7 < j(k)) is cofinal in [ G*~1.

The following theorem summarizes the facts proved previously for the F is a
superstrong extender case.

THEOREM 4.15: Assume GCH, j: V. — M D M", M D Vj), critj = x and
9(j) C j(k). Let E be the extender derived from j and let G be Pg-generic.
Then V|G| is a cardinal preserving generic extension in which cf k = w, k% =
j(k), and there is a Prikry sequence G* in k and a scale (G /D | X € [k, j(k)))
of length j(k) in [[ G*~1/D such that tcf [[ G**/D = X for each regular cardi-
nal A < j(k).

The only thing we were able to say when cfy 7 = w is cfy g [[G™*/D < N0,

5. Generic by Iteration
What we would have liked to have is:

AM: Assume GCH, j: V. — M D M", crit(j) = s and g(j) C j(k). Let E be
the extender derived from j. Then there is G € V which is j,(Pg)-generic over
M,,.

Alas, we were not able to achieve this aim. The referee has pointed out that
the aim is not all that reasonable since the forcing Pg incorporates the forcing
P}, which is essentially Cohen forcing and not like Prikry forcing at all.

In this section we use three approaches to obtain approximations to this aim.
First, in Theorem 5.1, we obtain a generic filter for an elementary substructure
of the iterated ultrapower instead of the full iterated ultrapower. Second, in
Theorem 5.2, we force over V' to explicitly add the Cohen component of Pg to
obtain a filter generic over the full iterated ultrapower. Finally, in Theorem 5.3,
we assume the existence in V' of an extender stronger than E to obtain a filter
in V' which is generic over the full iterated ultrapower.

We begin by showing how to construct a generic filter over an elementary
submodel in M,,.

THEOREM 5.1: Assume GCH, j: V — M D M*, crit(j) = k, and g(j) C j(k).
Let E be the extender derived from j, and k., = j,(k). Let N € M, be such
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that in M,, we have: j,(Pg) € N, N < H;(VIW for a large enough x, |N| = &k,
and N D N<#«. Then there is G € V which is j, (Pg)-generic over N.

Proof: By 3.29 invoked in M, there is p € j,(Pg) which forces genericity over
N. Let k < w be such that p = ji,(p*) and N = ji ,(N*). We set for each
k<n< w, p" = jk,n(pk)(mc(pk),...,jk,n,l(mc(pk))) and N" = jk,n(Nk)~

We set for each k <n < w

G"={q€ jn(Pr)|q¢>p"}

and then
G¢= |J Jn.Gm

k<n<w

Since for each k < n < w, p"t! <* Jnnt1(P™) (me(pr)), We get that G is a filter.
We show that it intersects each dense open subset of j,(Pg) appearing in N.
So let D € N be a dense open subset of j,(Pg).

Let D™ and n < w be such that ¥ < n < w and j, ,(D™) = D. Then p”

n

forces genericity over N™. That means (by the proof of 3.29) there are ¢ >* p
and [ < w such that ¢ € N™ and V(vp,...,v—1) € domg o,y € D"ON™.
Hence

jn’”Jrl(q)(mC(Q)7-~-ajn,n+zf1(rnC(q))) € jn,nJrl(Dn N Nn),
thus
Jn,w(@) (me(@),.rjnmii_1(me(q))y € DN N.

Noting that

. * - n * n-+l
Tt (@) (me@)sjmm 11 (me(@)) 2 Tnntt (P men),eognnsr1 (me(en))) 27 P

we get
; l
Jnnt1(@) (me(@)sojmms11 (me(a))) € G

thus

jn,w(Q)(mc(q),...,jn,nﬂf1(mC(Q))> €G. 1

We continue by showing the existence of a generic filter over M, in a
P%-generic extension of V.
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THEOREM 5.2: Assume GCH, j: V — M D M*, crit(j) = k and g(j) C j(k).
Let E be the extender derived from j. Let G* be IP}-generic over V. Then in
V[G*] there is G which is j,(Pg)-generic over M,,.

Proof: Let G* be P},-generic. In V[G*] we set

G" = {J(P) (me(p),j(me())..jn 1 (mepy)y | [7 € G, n < w}.
and
G={q€ju(Pp)| PG q>p}

We show that G is j,(Pg)-generic over M,,. So, Let D,, € M,, be a dense open
subset of j,(Pg).

Let n < w be minimal such that there are @« € domE and D: [k]* — V
satisfying j,(D)(a, j(a), ..., jn—1(c)) = D,. We set

D* ={f" €Pg | p € Pr, I <w julP)me(p),jme®)),sjnsi-1(me))) € Dul-

We prove that D* is a dense open subset of P},. So, let f € P%,.
Pick p € Pg such that fP <* f and « € suppp. For each (vy,...,v,—1) €
dom p, the set
D*(vp,...,vn-1) ={q S*p<uo7m,%71> | A < w Y{uo,...,m-1) € domg
9 po,s..., Hi—1) € D(Trmc(q),a(VO)a oo aﬂ-mc(q),a(Vn—l))}

. Thus by 3.23 there is p* <* p such

is dense open in (Pg, <*) below pey,,...u,_1)
that
Y{vo,...,Vn—1) € dom p* p?,jo """ o) €
D*(ﬂ-mc(p*),mc(p) (VO)a -+« Tmc(p*),mc(p) (Vn—l))-

Thus some shrinkage of dom p* yield that there is [ < w such that

V{0, Vn—1, o, - - - pu—1) € domp” p?l/mn-,l/nfl7M07~--,H171> €

D(ﬂ-mc(p*),a(VO)v o aﬂ-mc(p*),a(yn—l))-
That is
jw (p*)(mc(p*),...,jnﬂ,l(mc(p*)} € jw(D)(O‘ﬂ s ajnfl(a)) =D,.

Thus f?° € D*, hence the density of D* € V is proved.
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So there are f € G* N D*, [ < w, and p € Pg such that fP = f and

Jeo (P7) (me(p*).j (me(p*)) eensinsi-1 me(p))) € Do
By the definition of G, we get

Jeo (D" ) me(p*),5 (me(p*)) ooy (me(pe))) € G-

In the following theorem we assume the existence of an extender on «, but
use only part of the extender as a base for the forcing notion.

THEOREM 5.3: Assume GCH, i: V. — N D N¢, crit(i) = &, g(i) C ().
Assume k < pu < i(k) satisfies M"ﬂ < (. Let F be the extender derived from i
and E = F | u. Then there is G € V which is i, (Pg)-generic over N,,.

Proof: Let A, = {A € N,, | A is a maximal anti-chain in i, (Pg)}. For each
maximal anti-chain A C Py weset D(A) = {p € Pg | Ja € A p < a} (thus D(A)
is a dense open subset of Prz). For each n < w we have j, (|Uo|) < jn(|Pe|*")) <
Jn(C). Thus iy, %, € Npy1. Moreover, for ¢ € iny1(PE) we can invoke 3.25
in N4 for in(u("+))-many times to get p <* ¢ such that for each A € A, there
is | < w such that ¥(vg,...,v—1) € domp pryy,...0 1) € innr1(D(A)).

Using this fact we construct a sequence (p" | n < w) such that p° € Pg is
arbitrary, pntt <* innt1(P") (me(pn)), and for each A € 2, there is | < w such
that Y(vo,...,v_1) € domp™t! pitt ) € innt1(D(A)).

(V0,511
For each n < w we set

Gn={q<€in(Pg)|qg>p"},
and then
G=Jin.Gn.

n<w
We show G is i, (Pg)-generic over N,,. Let A € N, be a maximal anti-chain in
iw(Pg).
We take n < w and A,, such that iy ,(A,) = A. Then there is | < w such
that Y(vo,...,v_1) € domp™t! prtt € innt+1(D(Ay)). Hence

<V0 »»»»» V171>
it 1141 (0" ) (me(m 1), i1 s (me(pn+1))) € inmtir1 (D(An)).
Since by the construction of (p™ | m < w) we have

n+l+1 * . n+1
p < Zn+1,n+l+1(p )(mc(p"*l) ..... int1,n+1(mc(pnt1)))s

we g€t int 1,0 (D" ) (mo(pn+1),..in i1 nsr(me(prr1))y € GND(A). Since G is upward
closed we get GN A # (. |
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